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Physics-Informed Long Short-Term Memory (PI-LSTM) networks are employed to

predict the Beltrami Flow solutions. The models are trained on 100 different

training sets, using a Nvidia Tesla V100S 32 GB GPU. At the end of six different

training times, the trained models are evaluated on an unseen test set.

Summary

Analytical solutions for the Beltrami flow [2], a particular case of the NS equations 

(the non-linear term ෝ𝐮 ⋅ ∇ ෝ𝐮 becomes linear), appear in the boundary condition 

(BC initial condition (BC) and data losses, as the reference velocities 𝑢𝑖, being 𝐮 =
(𝑢, 𝑣, 𝑤) ≡ (𝑢1, 𝑢2, 𝑢3). The Reynolds number is Re = 1.

Problem Formulation and Implementation

PI-LSTM scheme to find predictions for the Beltrami flow, illustrating the sequence performed at 

each iteration 𝑘.

• The velocity field ෝ𝐮 = ො𝑢, ො𝑣, ෝ𝑤  and pressure Ƹ𝑝, ෝ𝐪 = ෝ𝐮, Ƹ𝑝 , are predicted using 

an LSTM network, given space 𝐱 = 𝑥, 𝑦, 𝑧  and time 𝑡 inputs, 𝛏 = (𝐱, 𝑡), inside 

a domain Ω and at its border Γ.

• Space and time derivatives are computed through finite differences (FD).

• The goal is to minimize the total loss function: ℒ = ℒ𝑓 + ℒ𝑏 + ℒ𝑑.

An LSTM (Long Short-Term Memory) is a recurrent neural network designed to 

model sequential data. Its recurrent nature and gated structures allow information 

to be retained and updated across time steps [1]. Combined with physics-informed 

training, a PI-LSTM can model time-dependent physical phenomena.
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, 𝑏 ≡ BC or ICBC and IC loss
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Data loss

Residuals of i-th Navier-Stokes (NS) equations (PDE) at each point 𝑗, 𝑓𝑖 𝛏𝑓
(𝑗)

 :
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ሚ𝜆𝑖,𝑘+1 =
∇𝛉ℒ1,𝑘+1

∇𝛉ℒ𝑖,𝑘+1First weight estimation and final weights:
(performed every 𝛿1 training iterations)

𝜆𝑖,𝑘+1 = (1 − 𝛼)𝜆𝑖,k + 𝛼 ሚ𝜆𝑖,𝑘+1

Results

• 3 recurrent layers; 100 features per layer in the hidden state ℎ

• Learning rate: 𝜂 = 𝜂0C𝑘;  C = 0.11/𝛿2 (𝜂0  = 0.01; 𝛿2 = 10000 iterations)

• Adaptive Loss Weights: 𝛼 = 0.5; 𝛿1 = 100 iterations

• Space domain, time domain and time step: Ωs = [−1, 1]3; Ωt = [0, 1];  𝑑𝑡 = 0.01

• 100 different training sets (per time step): 200 randomly chosen points in the 

interior of Ωs and 50 points per boundary face

• One test set (per time step): 643 equally spaced points, uniformly distributed 

throughout the space domain 

Evaluated in the test set, at the end of six 

training time checkpoints (𝑡𝑐): 5, 10, 15, 20, 25 

and 30 minutes.

Standard deviation of 𝐿2,𝑞(𝑡, 𝑟), run 𝑟, 

in relation to its 𝑁-run average:

𝜎𝑞(𝑡) =
1

𝑁
σr=1

𝑁 (𝐿2,𝑞(𝑡, 𝑟) − 𝐿2,𝑞(𝑡))2 

100-run average L2 relative error at the 

component 𝑞 = 𝑢, 𝑣, 𝑤, 𝑝 , 𝐿2,𝑞(𝑡)

Accuracy

Coefficient of variation, CV𝑞(𝑡) =
𝜎𝑞 (𝑡)

𝐿2,𝑞(𝑡)

Consistency

Adaptive Loss Weights

• The velocity field is well predicted even with just 10 minutes of training, with

𝐿2,𝑞 ≈ 10-3. With 𝑡𝑐 = 30, 𝐿2,𝑞 = 5.5×10-4 to 7×10−4 in most time steps.

• Larger training times generally lead to higher prediction accuracy. However, 

such trend is not always verified in consistency. 
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